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Q' Fundamenta ISTova," p. 184), so tliat 

Put ^=1 and this formula gives 



. {7C,). 



IX. " Values of the Theta and Zeta Functions for certain Values 
of the Argument." By J. W. L. GrLAiSHER, M.A., F.R.S., 
Fellow of Trinity College, Cambridge. Received July 31, 
1879. 

§ 1. In § 12 of the preceding paper ^* On Definite Integrals involv- 
ing Elliptic Functions," it was necessary to determine the values of 
e(iK), e(iK+^KO, e(iiKO, e(K+iiK'), and e4(iK+lK0, which 
were required in the evaluation of some of the integrals. This led me 
to calculate a table of the values of the O and H functions when the 
arguments were of the form K^-7^^K' , for the values 0, -J, 1, f, of 
m and n, and the results are contained in this paper. For the sake of 
completeness the corresponding values of the Z function are also 
given ; and some remarks connected with the g- series to which the 
formulae lead are added. 

A table of the values of the sn, en, dn for the above-mentioned 
arguments is given by Professor Oayley on page 74 of his " Elemen- 
tary Treatise on Elliptic Functions " (1876) : this table* is so useful 
that it seemed desirable to supplement it by a similar one for the 0, 
H, and Z functions. 

§ 2. The values found in § 13 are 

e(iK) =?!^V»(l +//)*, 

G(iK+iKO =g-i^7,'i(l-70*(l + *), 

X~^i k/Ic' 
* I may here note that the yalue of en (^K + \i'Z!) should be _— — — — - instead 
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e (K + i^KO = (r^^^h\i + h)\ 



7J-2 



From this last equation tlie value of 0(^KH-|-zK^) may be deduced; 
but it is more convenient to avoid ambiguities of sign as follows. 
In the formula 

Q(u-{-v)Q (tt~v) = -— (l—h^ sn^ u sn^ v) , 

put ^*=|-K, v=^iKf, then 

e(iK+i;K')e(iK-ii-K') 



=^-%''HwlJ^'+'^''^ 



=q-i?L^JM'i (1), 

TT 

since i-^Jc-j-j/=:{2(l+h)(l + Jc')}K 

Also, in the formula 

dn^.=Z.^^^+S, 

put u= —^K.—^iK/ , and 

e(iK-i£K')=£^^i^lr:^e(iK+itK') . . (2), 

whence from (1) and (2) 

TT 

Extracting the square root, we have 

it is evident from the ^-series for O (see § 8 of the present paper), 
that the sign of the real or imaginary parts is positive as above. 

Since 04(lK + ^^KO =^cf^?^h%\h' -{-ih) 

_ 2K3 
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where is tlie modular angle, it follows that 

Q^(iK + i^KO = r^ — A;W*(cos ^O+i sin \e), 

TT 

and Q{\'K-V^iK!)=::q-^^±^ JM^cos ^e+i sin ^0). 

This last result is readily identified with that found above, since 
cos i.=i^±£+m!, smie=i!!=l(l+m!. 

§ 3. Erom the values of Qu for u=^~K, -|?;K', ^K+^^K', the values 
of Qu for the other arguments contained in the table were deduced by 
means of the formulee 

e(^4-K) =¥-^djiuQu, 

Q{u-\- iK!) =:iq we~~2K sn u Qu. 
The values of 'Hu were deduced from those of Qu by the formula 

iTTU 

H'M'= —iq^e2KQ(u -{-iK.'). 
For example, 

= —^^^e^^TT^i . q~T\fL^kik'^(8m :|6> + ^ cos |6>) 
= 2 ~^^^P'^ '^ (1 - (sin i^ + ?: cos 1^) 

=2-^.^;^V/^{cos |(^-^) +^ sin K^-^)}, 

and it can be shown that 

ir z)N {2^+(l-7/)H^ . w ^^ {2^-a-^OH^- 
cos K^-^) =-^ 2? ' ^'"^ K^- ^) =^^ ^^^ ^ ^-. 

The values in the table were verified throughout by the formulae 
■ =^* sn u, — ^J 1= _ en u ; 

Qu Qu y^ 

several of the results are of course deducible at once from one another 
by the relations 0(i^ + 2K) = 0^^, H(i^4-2K) = — H-i*, and a change in 
the sign of i. 
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Values of Qu and "Elu. 



u. 


O-i*. 


H?*. 


w 






fK 


^*^V*(i+&')* 




iK+?:K' 


2-*2fV^'*(i-?o*(i+o 1 


2-*2f*//*(l + /O*(l+0 


iK+»K' 


2-*^^V^"(l-^')*(l-^) 


2"*2?i'''*^^"^')*(^-'') 


¥^' 




2*K* 


K+it'K' 




g-rV^^ /#(!-- 7^)i 


|*K' 


^.2-mx.. .s. 

— g^ To A;*(l — A;)* 




K+|iK' 


77-2- 




IK+IJK' 


2^K* 


2^K^ 
g;~TV ^ JM'^IgosKtt— 0)+i sin ^(ir—O)} 


iK+iiK' 


g-rV^ ^ 7#/i;'*{cos 1^ ^ sin 10} 


g-TV^-^7#7/^{cosK^ ^) ^'sin|(7r e)} 


iK+fiK' 


q i« j^ hh^ ^ {sin ^0—i 008^0} 


g-fk^^7#y^^^{sin|(7r ^)+tcosl(7r ^)} 


fK+fiK' 


g-/.^ ^ m^^sm ie-i cos |a} 


2~i^T^^7^*7/*{sm|(^ ^) 2:cos](^ 0)} 

77-i 



■where ^ is the modular angle, and 



cos 



i^„ {2- + (l + 70y 

4 2« ' 



. 1. {2*-(i+7on^ 



cos 



ir m {2^X1-7/)*}* . 1, „, 



9M 

mm 
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§ 4. Also, squaring the values in the last group, 

e^CiK+i^'KO =g-*?^-/^W4cos \e+i sin 1^}, &c., 

TT 

SO that we have the following table : — 
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u. 


e%. 


H%. 




TT 

q-i'^m'i{{l^],y i(l ly] 

TT 

q~'^^m%{i+hy i{i hy} 
g-t %wi{ (1 + ky+i{i ly] 


g--^^/^w*{(i -ky+iii+hy} 

TT 

q-- %WH (1 -/0^"^(1 + ^0*} 

q-i^h%''-{{i hy ^(1+^0^} 

TT 
TT 



and, squaring again, 



w. 


e%. 


H%. 


JK+iiK' 




77-3 


tK+l^•K' 




77-3 


lK+|tK' 


q--^^^%W^(l/ ih) 




fK+ftK' 


q-i^^^hW^(J/-i-ih) 


7!^ 



5. In the case of the Z function, we have 



Z(iK) 



1 



ia-n, 



Z(i*K') 



ITT 



if+i^(i+/0, 



Z(lK+iiK') = _ i^+i(7.+t7/), 
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and the followine: forrmilaD 



rr / I '-rz-/\ 1 '^'^ \ rr , GYIU dn U 



%7T 



From these we obtain the following table : — 
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Values of Zu. 



u. 


Z^^. 


iK 


i(i-'0 


fK 


-1(1-/0 


IK + ^K' 


-45+KI + /O 


■iK+iK' 


-4J-K1+/0 


¥^' 


-ij+iKl + /0 , 


k+i;k' 


-iJ+Ml-*) 


|*K' 


-iJ-Ml+fc) 


K+fiK' 


-ij-i^a-/^) 


iK+iiK' 


-i'J+K/''+^-/^') 


l-E+itK' 


-i'J-ic'^-^*') 


iK + |tK' 


-fj+K/'^-^/^') 


|K+1*K' 


-i'^-kO^+ih') 
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§ 6. It is convenient also for tlie sake of completeness to place liere 
the values of the functions for u=^0, K, ^'K', &c. 



u. 


Qu. 


w%. 


Z^(. 



K 

2W 

2K+iK' 
K--2^K' 

2K + 2iK! 


2^//^K^ 
2*K^ 



q * r- . 

-9. ^ ~f- 



.2^K'* 

7r^ 




2*7^^K^ 

. „i2*^'iK^ 
_i 2iK% 





. ._i2^^'^^K^ 

-^2 * 3^ 

,2^7<;4Ki 







oo 
1 '^''^ 


K 

00 

K 

iw 
K 



7. It follows from the values of Qu and Hi* in § 3 that if 



A' =^ //*(! + /«')*, 



TT" 



B'=?5|_Vi(l-&')i, 



TT^ 






TT" 



B=?!™^*(l-"^)\ 



TT^ 



^ The Yalue of Z(2iK0 is by mistake given as on page 164 of the ^'Fundamenta 
Nova." 
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then 



e(iK)-e(fK) 


= A' 






H(1K) (H|K) 


- B' 


e(iK+iK') 


- q i.B'. 


h(X+i) 


H(1K-*K') : 


g-».A'.Kl+*) 


e(|K+iK') 


- 2-*.B'. 


4(1- 


-*■) 


H(fK + *K') : 


2 i.A'.i(l-*) 


e(^:K') 


— q lo.B 






H(iiK') 


— i'g To.B 


e(K+iiKO 


— g"!" . A 






H(K+i«') 


— g-iV.A 


e(fiK') 


--2-A.B 






H(|iK') 


^g je.B 


e(K+f*K') 


- g iSr.A 






H(K + |*K') 


=g-Tlr.A 



Thus 



A'=e(iK)zz.e(fK) 

=:g*(i-7;)H(jK+7:K0 = 

B'=:H(il:)=H(-|K) 

A=^TVe(K+iz'KO = 

B=g^e(j{KO = 



-^TI^e(f^K') 



whence 

B^ _ H (^K) _ H (f K) _ e (jK + 7:ko _ e (|K + ^K0 
A' e(iK) e(fK) H(iK + ^KO H(fK + 7;K0 



equations whicli admit of immediate verification. 



Also, if 
then 



TT 



e(iK+i^K0H(iK+i2:K0= g-*C(l+0, 

e(|K + i^KOH(|K-fi^K')= gr'^0(l-i), 
e(iK + |^KOH(iK + f^KO = -g-*C(l-^), 
e (f K + iiK') H (f K + fiKO = - r *C (1 + i) . 

8. The ^-series for and H are 



0'Z^=1 — zo'cos — ^ + 2(7*008- — ^■ 

K K 



22^cos-— + (fee. 



u=zq^ sm — — zr/4 sm • + zq * sm ■— &c., 

^ 2K -^ 2K ^ K 

and comparing the ^-series for G(-|-K), &c., with their values A', &c., 
given at the beginning of § 7, we have the following equations ;— 
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l__2g4 ^2q^^-2g^^+ &c. =?^V*(l + 7/)^ . . . (3), 

# + #+ #+ #+ #+ &C. =?!^*/i;i(l + /^)i . . . (5), 



TT^ 



g^-g-h- g!l+ ^11+ ge_ &C. =?!5V(l-7^)* . . . (6), 

the signs of tlie terms in (4) and (6) being, after the first, alternately 
negative and positive in pairs. 

Of these (3) is dedncible at once from. 



TT^ 



by the transformation of q into q^ twice repeated. The same donble 
transformation converts (6) into (4), and (5) into the formnla 

li 9| 25| 491 P^ 'V JlX. 

so that (3), . . . (6) may be readily obtained independently of the 
values of 0(|-K), &c. 

If the modulus be changed from h to h'^ (6) becomes 



^Ta— -fr 






where r=e~Kr. 



Thus 






/KV 



so that if q, r be any quantities less than unity connected by the re- 
lation 

log-log-=:7r3, 

q T 
then Aog -Y(g^-g*-g'^' + q-" + 2^^' -- &c.) 

which may also be written 

=t;j-v® «*«2— -e «*«2 — e~"a2 +e"«*^+ &c.), 
2aa 
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or fi^(e~^f^ — e"^^ — g-V/^ -j_ g-*iV -|- ^^e.) 

= ^J(e-i._e~f._e-¥^-|_e-%V4_ &c.) . . . . (7), 
where /i, v are anj quantities connected bj the relation 

dianging" q into €p, (6) becomes 

wMch also leads to (7) . This identity is of the same kind as the well- 
known formula 

^i(l + 2e"^4-2e-4/^+2e-9^+ &c.)=J^Kl + 2e"^ + 2e-4^ + 2e-9^+ &c.), 
viz., in which a function of pu is equated to the same function of 



75-2 



Identities of this class form the subject of a paper in the fifth volume 
of the '' Messenger of Mathematics,"* pp. 174 — 179; and the identity 
which results from (3) and (5), viz. : 

2^i(e--^/^ + e-|/^ + e-¥/^.f &c.)=J'^(l--2e"^ + 2e-4^~2e-9^4- &c.) 

is given on page 177 of that paper. 

§ 9. From the third group of values in § 3 it might be shown that 

^^V-gff-gM+gW+2\¥_ &C. =^h%'H0Ble . . (8), 

7J-2 

g^_gf|_.gW+gW + g¥l^- &c. =^^W^sin^^ . . (9), 

7J-2 

where denotes the modular angle. We thus have 

9 G5 laii 1691 361 Q 

x_ ^n_g^^-r^- g^^ +g^^ +g^g - & c. 

gxo — ^16 — gxo-j-gio 4-gxo — <feC. 

It is a known theoremf that 

^6^=. arc tan q^— arc tan gt+ arc tan gt— &c., 
so that arc tan (f — arc tan gl -h arc tan gf — &c. 

, gTo — qxa — q to -|- g to -f g to — <s;c. 

— arc tan — ^-7— 7i rri — 23s , ' 289 — ■ • 

qx& — qvs — (^T« 4- g To -f- g 10 — <s;c. 

In the " Philosophical Magazine "J for December, 1875, it is shown 
that 

* ''JTotes on certain Formulae in Jacobi's ' Fund amenta N'oTa ' " (March and 
April, 1876). 

f '^ Fiindanienta Nova," p. 108. 

X " On some Identities derived from Elliptic-Function FormulsD," ser. 4, vol, 50, 
pp. 539—542. 
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cos (arc tan q— arc tan cf + arc tan c[^ —• &c.) 

_ l-r/6-r/10-|-^28_|_^3G_. ^c. 



{l-\-(i^f{l-Y(fy . . . \-(f . l-g8 . _ • 
sin (arc tan q~ arc tan cf + arc tan q^~ &c.) 
q~cf' — q^^-\-(f^-\-q^^— &c. 



(10): 



(11), 



tlie exponents being the triangular nnmbers. These formnlee can be 
readily identified with (8) and (9) ; for 

(l-q^ ,l~-q:K. :)=z^^M'^q-^, 

SO that, replacing q by c^ and putting for 

arc tan c[" — arc tan c^ + arc tan gt — &c., 
its value |^, (10) and (11) become 



which are in fact (8) and (9) . 



X. " On certain Definite Integrals." No. 5. By W. H. L. 
Russell, F.R.S. Received October 13, 1879. 

The following is a continuation of four papers inserted in the 
" Proceedings of the Royal Society." In my last paper I gave a proof 
that 

sin(2^^-}-3)^"sin(2?^ + l)<?=0 

when Qt%) is infinite. We may consider the subject also thus. Taking 
the expression 

(2. + 3).-(2^Hh3)3^3 ^J2^±^^l^___^..^ 

^ ^1.2.3 ~1„2. . .2m + l 

^ ^ 1.2.3 ~1.2.3.2m + l 

we see manifestly that as (n) increases to infinity the fraction becomes 
unity. And this is true however large {m) is considered to be. 
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